Three-dimensional steady states and traveling wave solutions of the Navier-Stokes equations are computed in plane Couette and Poiseuille flows with both free-slip and no-slip boundary conditions. They are calculated using Newton's method by continuation of solutions that bifurcate from a two-dimensional streaky flow then by smooth transformation ͑homotopy͒ from Couette to Poiseuille flow and from free-slip to no-slip boundary conditions. The structural and statistical connections between these solutions and turbulent flows are illustrated. Parametric studies are performed and the parameters leading to the lowest onset Reynolds numbers are determined. In all cases, the lowest onset Reynolds number corresponds to spanwise periods of about 100 wall units. In particular, the rigid-free plane Poiseuille flow traveling wave arises at Re ϭ44.2 for L x ϩ ϭ273.7 and L z ϩ ϭ105.5, in excellent agreement with observations of the streak spacing. A simple one-dimensional map is proposed to illustrate the possible nature of the ''hard'' transition to shear turbulence and connections with the unstable exact coherent structures.
I. INTRODUCTION
A fundamental change in our understanding of the nature of shear turbulence started in the 1950s. Then the view of turbulence as the random interaction of ''eddies'' began to be replaced by one of organized motions interacting with the mean flow. Theodorsen 1, 2 proposed the qualitative, mechanistic picture of a wall-bound horsheshoe vortex as the fundamental structure in turbulent shear flows. His was a physically complete structure motivated by considerations of optimum streamwise enstrophy production. Malkus 3 proposed a quantitative, nonmechanistic theory based on a principle of maximum energy dissipation rate, and marginal stability constraints, that led to the derivation of upper bounds and to Busse's picture of the optimum momentum transporting solenoidal field. 4 That optimum field is more intricate but nonetheless similar to Townsend's qualitative ''attached eddy'' interpretation of two-point velocity correlation measurements. 5, 6 The upper bound fields and attached eddies are streamwise-invariant and better described as a combination of streamwise rolls and streaks. That combination will be called the ''streaky flow'' in Sec. IV. Townsend also introduced the qualitative concepts of ''active'' and ''inactive'' motions to describe turbulent shear flows. 6 The experiments of Kline et al. 7 first revealed the structure of near-wall turbulence and pointed to the importance of low-velocity streamwise streaks whose lift-up, oscillation and ''bursting'' were seen as the main turbulence producing mechanism. It was found that the streaks have a characteristic spacing of about 100 wall units ͑defined in Sec. VI͒. 7, 8 Those experiments sparked numerous experimental and computational studies, most of which are reviewed in the monograph edited by Panton. 9 Another line of work based on the proper orthogonal decomposition is reviewed in the book by Holmes, Lumley, and Berkooz. 10 Among all those contributions, the sketches of self-replicating horseshoe vortices in Acarlar and Smith 11 and the, then unrelated, mean flow-first harmonic theory of Benney 12 were the two key references that led to the present work. 13, 14 Benney's ''mean flow'' consists of weak streamwise rolls and a spanwise varying streamwise velocity, similar to Townsend's attached eddies.
It is now well accepted that the predominant vortex structure in the near-wall region consists not of horseshoe vortices but of staggered, quasi-streamwise vortices as in Stretch's sketch 15 reproduced in Fig. 1 . That picture is Stretch's synthesis of his pattern eduction studies of the Kim, Moin, and Moser data. 16 A similar study and result can be found in Ref. 17 . Horseshoe vortices and packets of such vortices are also observed in turbulent flows. 18 Whether such structures are the varicose versions of the sinusoidal structures studied here or result from a dynamic self-organization of the staggered vortices is a matter for later study.
This paper reports on traveling wave solutions of the Navier-Stokes equations in plane Couette and Poiseuille flows with either given velocity ͑no-slip͒ or velocity derivative ͑slip͒ at the wall. Brief reports on this work have appeared in Refs. 19 and 20 . The traveling waves travel at a constant velocity and are therefore steady in the proper Galilean frame. The propagation velocity is analogous to an eigenvalue and cannot be deduced a priori, except by symmetry in plane Couette flow. These solutions were obtained numerically using spectrally accurate finite approximations of the fields ͑Sec. II͒, based on Fourier expansion and Chebyshev integration ͑Sec. III͒, and Newton's method, not time integration. This is because the traveling waves are typically unstable from onset and therefore not directly ac-cessible to experiments and time-marching simulations. The traveling waves are remarkably similar to Stretch's picture of the typical coherent structure ͑Fig. 1͒. The latter is essentially an optimized ensemble average of significant regions of turbulent flow fields, localized in space and time, that filters out a spectrum of spatio-temporal fluctuations and does not satisfy the governing equations. In contrast, the traveling waves are solutions of the Navier-Stokes equations that propagate at constant speed without changing shape and are devoid of any other fluctuations. It is therefore appropriate to refer to the traveling wave solutions as ''exact coherent structures.'' Furthermore, these exact coherent structures and their inherent instabilities are good candidates for precise definitions of ''active'' and ''inactive'' motions, respectively, that differ from Townsend's definitions. Townsend's active motions correspond to the momentum transporting streamwise rolls and streaks while his inactive motions would correspond to the streak instability. In fact, the streamwise ondulation, seen in Fig. 1 and traceable to the streak instability, is an essential element of the complete self-sustaining threedimensional ͑3-D͒ coherent structure.
The solutions were calculated using various continuation and homotopy procedures. The first step in this approach ͑Sec. IV͒ is based on a weakly nonlinear formulation of a fundamental self-sustaining process in shear flows. [21] [22] [23] It consists in tracking the 3-D solutions that bifurcate from a self-consistent two-dimensional ͑2-D͒ flow made of streamwise rolls and streaks. The streamwise invariance of that base flow implies that it cannot be self-sustained, 24 however, the streaks support an instability of inflectional type that feeds back on the rolls and leads to self-sustained, 3-D states. The full Navier-Stokes continuation in Sec. IV establishes a precise and explicit link between the 2-D streamwise invariant streaky flow ͑''attached eddies''͒ and a 3-D self-sustained structure that consists of wavy streaks and staggered vortices, entirely similar to the observations.
Bifurcation from 2-D streaky flow can be used to compute 3-D self-sustained states in all plane shear flows but requires educated guessing of the streamwise rolls. Once the 3-D states have been found in one flow, it is simpler to extend them to other flows by homotopy. This consists in smoothly deforming ͑''morphing''͒ the base flow into the desired flow while tracking the self-sustained solutions with Newton's method. Two types of homotopies are presented in Sec. V. One transforms free-slip into no-slip boundary conditions ͑12͒, the other transforms Couette flow into Poiseuille flow ͑27͒. These transformations are not only very effective at extending solutions to other boundary conditions and base states but also demonstrate the close connection ͑the homotopy or ''same shape''͒ between the various states. The homotopy between free-slip and no-slip demonstrates that noslip is not required for these exact coherent structures. The homotopies to no-slip plane Couette flow connects this broad family of exact coherent structures with the steady state solutions first computed in that flow by Nagata 25 and studied by Clever and Busse. 26, 27 The exact coherent structures discussed here thus belong to a six-parameter (␣, ␥, Re, b , t , , defined below͒ family of three-dimensional vector fields that solve the Navier-Stokes equations. The solutions come in pairs, an upper branch and a lower branch, at a given Reynolds number. This is clearly a rich family and the 3-D illustrations in this paper are typically limited to the lowest-Re bifurcation point where the solutions first appear and where upper branch and lower branch coincide. A complete illustration of these solutions would require too many figures. The streamwise and spanwise length scales that lead to the lowest onset Reynolds for these exact coherent structures are presented in Sec. VI. The optimum spanwise length scales are all in the neighborhood of 100 wall units. In particular, the optimum spanwise length scale for the no-slip plane Poiseuille solution is 105.5
ϩ . This is the solution that is most relevant to the higher Reynolds number observations. A few mean velocity and rms velocity fluctuation profiles of the exact coherent structures are presented in Sec. VII together with bifurcation diagrams for various parameters. Those results compare favorably with the statistics of turbulent flows suggesting that the exact coherent structures do indeed capture essential structural and statistical features of turbulent motions. But the exact coherent structures are steady in the appropriate Galilean frame and therefore have none of the disorder characteristic of turbulent flows. All these exact coherent structures also appear at Reynolds numbers that are significantly lower, typically a factor of 2 lower, than the smallest Reynolds numbers where turbulence is observed, and they are unstable from onset. How then, could these unstable exact coherent structures be of any relevance to the observations? The traveling waves in plane shear flows are not simply attractors for broad classes of initial conditions as in Fisher's equation, for instance, where the slowest wave is an attractor ͑see, e.g., Ref. much of the structure and statistics of turbulence can be understood from these traveling waves. Readers who are wellversed in nonlinear dynamics and chaos know the importance of unstable solutions. This paper ends with a onedimensional ͑1-D͒, discrete dynamical system that may be helpful as a simple concrete illustration of the nature of the ''hard'' transition to turbulence in shear flows and the relevance of unstable solutions.
II. MATHEMATICAL FORMULATION
The governing equations are the Navier-Stokes equations for incompressible flow,
where v is the Eulerian fluid velocity, p the ''pressure'' ͑di-vided by the mass density͒, Re the Reynolds number. A Cartesian system of reference is employed with x streamwise, y shearwise ͑i.e., wall-normal͒ and z spanwise. The corresponding velocity components are u, v, w, respectively. The flow is bounded by two infinite planes located at yϭϮ1 and is maintained by a body force F and/or the boundary conditions at yϭϮ1, where x is the unit vector in the x direction.
The physical boundary conditions correspond to no-slip at the walls. These are Dirichlet boundary conditions where velocity is imposed on the boundary. In this paper, all three canonical types of boundary conditions, Dirichlet, Neumann, and Fourier-Robin ͓also called ''of the third kind,'' see Eq. ͑12͒ below͔ are employed for the slip-to-no-slip homotopy. Periodicity is enforced in the streamwise and spanwise directions with periods L x ϭ2/␣ and L z ϭ2/␥, respectively. Plane Couette and Poiseuille flows are considered. Plane Couette flow is maintained by the boundary conditions at y ϭϮ1 with no body force and has the laminar base solution vϭy xϵU L (C) . Plane Poiseuille flow is maintained by an external uniform pressure gradient FϭϪRe Ϫ1 x, and the boundary conditions at yϭϮ1. The Poiseuille laminar base flow is chosen here as vϭ(yϪy 2 /2ϩ1/6)xϵU L ( P) ͑Fig. 2͒. This Poiseuille flow has zero average and its antisymmetric part is identical to the plane Couette base flow. This unusual Poiseuille normalization is chosen for the Couette-toPoiseuille homotopy. Therefore yϭϩ1 is here a plane of reflection symmetry for plane Poiseuille flow with the boundary conditions ‫ץ‬u/‫ץ‬yϭvϭ‫ץ‬w/‫ץ‬yϭ0. The yϭ1 plane corresponds to the centerline of a full plane Poiseuille flow while yϭϪ1 corresponds to the bottom wall.
The plane Couette flow Reynolds number implied by these normalizations is based on the half laminar wallvelocity difference and the half channel height. In free-slip ͑Neumann͒, this is equivalent to a Reynolds number based on the mean wall shear rate dŪ /dyϭϮ1 at yϭϮ1. In noslip ͑Dirichlet͒, the laminar and total velocities at the wall are identical and the Reynolds number is therefore based on the half-wall velocity difference. For plane Poiseuille flow, the Reynolds number is based on half the distance between the wall and the centerline and half the difference between the laminar centerline velocity and the wall velocity. If ᐉ is half the distance between the wall and the centerline ͑i.e., one-quarter of the channel height͒, dP/dx the imposed ͑ki-nematic͒ pressure gradient, and is the kinematic viscosity then Reϭ͉dP/dx͉ᐉ 3 / 2 . Note that, in effect, the Reynolds numbers are based on the shear rate at the wall S ϵ͉dŪ /dy͉ wall , except for no-slip plane Couette flow. The friction velocity u ϵ(S) 1/2 and the ''wall unit'' /u is thus well-defined a priori and directly related to the outer units through the Reynolds number. In no-slip plane Poiseuille flow, for instance, the nondimensional kinematic viscosity is 1/Re, the nondimensional friction velocity is u ϭ(2/Re) . Further details of the transformations to wall units are provided in Sec. VI.
The pressure gradient is eliminated by using the ''rollstreak'' projections of the momentum equations using the operators
These projections lead to an equation for P v vϭٌ 2 v, the Laplacian of the y velocity ͑where the continuity equation "•vϭ0 has been used͒ and another equation for P vϭ, the y vorticity. The u and w velocity components can be reconstructed using the definition of the y vorticity, ϭ‫ץ‬u/‫ץ‬zϪ‫ץ‬w/‫ץ‬x and solenoidality "•vϭ‫ץ‬u/‫ץ‬xϩ‫ץ‬v/‫ץ‬y ϩ‫ץ‬w/‫ץ‬zϭ0. The two equations for v and must be supplemented by equations for the x and z averaged velocities, Ū (y,t) and W (y,t). These are obtained by averaging the Navier-Stokes equations over x and z.
This ''roll-streak,'' or v -, representation is closely linked to the ''poloidal-toroidal'' representation of the solenoidal velocity field:
where ϭ(x,y,z,t) and ϭ(x,y,z,t) are threedimensional, time-dependent scalar fields while Ū ϭŪ (y,t) and W ϭW (y,t) are ϭϪ(‫ץ‬ x 2 ϩ‫ץ‬ z 2 ). The roll ͑or poloidal͒ mode (v,) has no y-vorticity, while the streak ͑or toroidal͒ mode (,) has no y velocity.
In summary, the governing equations ͑1͒ are reduced to
͑7͒
where the overbar denotes an average over x and z. The W (y,t) mean flow is identically zero by symmetry. The full velocity field is decomposed into the laminar base flow plus a perturbation vϭU L xϩu. In the following, uϭ(u,v,w) represents the perturbation from laminar flow unless otherwise noted. This paper is primarily concerned with traveling wave solutions of the form u(x,y,z,t)ϭu(x ϪCt,y,z,0). Looking for such solutions is equivalent to looking for a three-dimensional vector field u(x,y,z) that satisfies the above-mentioned equations with ‫ץ‬ t replaced by ϪC‫ץ‬ x . This leads to the nonlinear eigenvalue problem
͑9͒
1 Re
where the wave velocity C is the eigenvalue. A unique solution is found by fixing the phase of the solution. Here we set I͗ exp͑Ϫi␣x ͒͘ϭ0, ͑11͒
where I denotes imaginary part and ͗•͘ a domain average.
The boundary conditions for the perturbation from laminar flow, u, are homogeneous. General slip boundary conditions of the form uϪ‫ץ‬ n uϭvϭwϪ‫ץ‬ n wϭ0, ͑12͒
are employed at yϭϮ1, where n is the direction normal to the wall into the fluid, 0рр1 and ϭ1Ϫ. In terms of v and this translates into
at yϭϩ1 and yϭϪ1, respectively. Homotopy from freeslip to no-slip perturbations is performed by tracking solutions from ϭ0 to ϭ1. For Poiseuille flow, t ϭ0 always, as yϭ1 is the channel centerline. The Rayleigh-Bénard nomenclature ''free-free,'' ''rigid-free,'' and ''rigid-rigid'' is used to denote the boundary conditions at the bottom and top walls, respectively, with ''free'' indicating free-slip perturbations ͑Neumann boundary conditions͒ and ''rigid'' indicating no-slip perturbations ͑Dirichlet͒.
III. NUMERICAL FORMULATION
The primary variables ū (y), v(x,y,z), and w(x,y,z) are expanded in Fourier modes in the x and z directions and Chebyshev-based modes in the y direction,
The y-expansion functions m (y) and m (y) are integrals of Chebyshev polynomials that satisfy the boundary conditions. The basic idea is to set D 4 m (y)ϭT m (y) and
where Dϵd/dy and T m (y) ϭcos(m arccos y) is the Chebyshev polynomial of degree m. This approach leads to numerical operators that are well conditioned. 29 After four y-integrations,
where Iϭ͐ dy denotes indefinite y-integration. The constants c i are determined from the boundary conditions m ϭD m ϮD 2 m ϭ0 at yϭϮ1 ͑13͒. This leads to welldefined m (y) for 0рр1.
To illustrate the validity and accuracy of this approach, consider the calculation of the least negative eigenvalue of the streamwise rolls problem, The constants c 0 and c 1 are chosen to satisfy the boundary conditions m ϮD m ϭ0 at yϭϮ1 ͑13͒. The constant c 0 is arbitrary in the free-free case ( t ϭ b ϭ0). In that case, we define c 0 ϭlim b →0 c 0 ( t ϭ0, b ) so the functions will be well adapted to the free-slip to no-slip homotopy. It turns out that c 0 is independent of b when t ϭ0. The zero mode is defined by D 2 0 ϭ t ϩ b . Two integrations and the boundary conditions yield
Ϫ2. ͑20͒
For the full Navier-Stokes case, Eqs. ͑5͒-͑7͒, the nonlinear term is calculated by spectral convolution in the x and z directions but by collocation in the y direction using at least M T ϩ5 Gauss points. The equations are projected onto the appropriate Chebyshev modes with the Chebyshev weight function. These projections are made by Gauss integration using at least M T ϩ5 Gauss points. All Fourier-Chebyshev modes with
are truncated. This resolution approximately corresponds to a direct numerical simulation with resolution (2L T ϩ1) ϫ(M T ϩ5)ϫ(2N T ϩ1) after de-aliasing in x and z. De-aliasing in y was tested but made no difference on the scale of the plots shown here. There is no aliasing in x and z. The traveling wave nonlinear eigenvalue problem is solved using Newton iterations and various continuation and homotopy procedures, as discussed in later sections. The linear algebraic equations for A lmn , B lmn and û m ͑14͒-͑16͒ are solved with LAPACK routines. The code was thoroughly tested and all free-slip results obtained with a different triplyFourier code 19 were reproduced with the present code. The linear instability of 2-D streaky flow 22, 23 was also reproduced as well as eigenmodes of the Orr-Sommerfeld and Squire operators. The size of the numerical problem is reduced by imposing the sinusoidal streak symmetry ͑24͒. Several resolutions have been used to verify numerical convergence. 19, 20 Most of the Poiseuille results presented here use ͓L T ,M T ,N T ͔ϭ͓11,23,11͔ corresponding to 7391 degrees of freedom. The optimum parameter results were checked with resolution ͓L T ,M T ,N T ͔ϭ͓13,25,13͔ for which there are 10 977 degrees of freedom. Many of the Couette results enforce the additional symmetry ͑26͒ and ͓L T ,M T ,N T ͔ up to ͓15,27,15͔ ͑7697 modes͒ has been used.
IV. BIFURCATION FROM STREAKY FLOW

A. Self-sustaining process
The physical mechanisms responsible for the coherent structures consist of a three-dimensional, nonlinear selfsustaining process. The process has been described and studied in several earlier references. [21] [22] [23] 30, 31 The weakly nonlinear description of the process is that streamwise rolls ͓0,V(y,z),W(y,z)͔ create a spanwise modulated shear flow ͓U(y,z),0,0͔ that is inflectionally unstable to a threedimensional perturbation exp(i␣x)u(y,z). Here, U(y,z) represents the total x-averaged streamwise velocity. The Reynolds stresses associated with that 3D perturbation extract energy from the spanwise fluctuation of the streamwise velocity U(y,z)ϪŪ (y), the streaks, but feed energy into the rolls and the mean shear Ū (y). This is along the lines of Benney's mean-flow first-harmonic theory, 12 but here, viscous dissipation plays an important equilibrating role.
For x-independent flows, the streamwise rolls ͓0,V(y,z),W(y,z)͔ decouple from the streamwise velocity, therefore they have no energy source and decay due to viscous dissipation. 22 
The streamwise velocity U(y,z) results from a balance between viscous damping and redistribution by the rolls of the shear supplied at the walls as governed by the advectiondiffusion equation
Note that VϭO(Re Ϫ1 ) implies that U(y,z) is Reynolds number independent and the streaks are indeed O (1) . A more precise estimate of the necessary rolls is obtained by balancing the advection of the laminar shear dU L /dyϭ1 with the viscous damping of O(1) streaks VϷ(␤ 2   ϩ␥ 2 )/Re, yielding F r Ϸ␤ 2 ϩ␥ 2 . We expect that the optimum rolls have approximately unit aspect ratio and choose ␥ϭ1.5. Smaller ␥ would produce weaker spanwise shear and therefore less vigorous sustenance of the 3-D streak eigenmode, while larger ␥ leads to stronger dissipation of the rolls and the streaks. For ␥ϭ1.5 and ␤ϭ/2, F r Ϸ4.7. For the Reynolds number, it must be low enough that rolls occupy the full channel but not so low that viscosity wipes out all perturbations from laminar. A trial value of Reϭ150 was selected. The resulting two-dimensional three-component ͑2D-3C͒ flow U(y,z)ϭ͓U(y,z),V(y,z),W(y,z)͔ is depicted in Fig. 4 , which shows contours of U(y,z) overlayed with contours of streamwise vorticity x ϭ‫ץ‬W/‫ץ‬yϪ‫ץ‬V/‫ץ‬z for F r ϭ5 and Reϭ150. The weak rolls indeed lead to a major redistribution of streamwise velocity. The mean velocity profile ͑not shown͒ has an S shape typical of turbulent Couette flow with a total mean shear at yϭ0 of dŪ /dyϭ0.093 and a wall velocity at yϭ1 of Ū ϭ0.434, both down from their laminar value of 1.
C. Instability of streaky flow
The streaky flow ͓U(y,z),V(y,z),W(y,z)͔ is unstable to x-dependent perturbations as a result of the strong spanwise inflections in U(y,z). Three modes of instability with distinct symmetries ͑fundamental sinusoidal, fundamental varicose and subharmonic ''sinucose''͒ are possible. 22, 23 Previous work 22, 23 indicates that the fundamental sinusoidal mode is the most unstable ͑see also Ref. 32͒. That mode corresponds to the shift-reflection symmetry
,y,Ϫz ͪ .
͑24͒
The Navier-Stokes equations linearized about the streaky flow U(y,z) admit separable solutions of the form e t e i␣x u(y,z). Figure 5 shows the growth rate, max R(), as a function of the streamwise wave number ␣ for streaky flows corresponding to F r ϭ5,6,8,12 at Reϭ150. At this Reynolds number, the most unstable streaky flow corresponds to F r Ϸ8. For larger values of F r , the rolls transport momentum faster than it can be supplied at the walls, the streamwise velocity U(y,z) therefore weakens and with it the streak instability. For lower values of F r the rolls are not strong enough compared to streak dissipation, the streaks are weak and the mean shear is strong, resulting also in a collapse of the streak instability. The minimum F r sustaining a streaky flow instability is approximately F r ϭ5 at Reϭ150. The growth rate of the instability for the pure streaky flow ͑no rolls͒ when F r ϭ8 is shown as a dashed line in Fig. 5 . That curve indicates that the rolls reduce the growth rate for that streaky flow when ␣Ͼ0.375, suggesting that the streak instability feeds energy back into the rolls for those ␣'s. 
ginal values of F r , e.g., F r ϭ5, the rolls have a strong effect on the structure of the eigenmodes and removing them changes the character of the instability.
D. Continuation from streaky flow
Our goal is to calculate nontrivial 3-D self-sustained states at F r ϭ0 so we select a weak forcing that still sustains unstable streaks. The streaky flow corresponding to F r ϭ5 is neutrally stable at ␣Ϸ0.49 ͑Fig. 5͒, hence a 3-D steady solution bifurcates from the 2-D streaky flow at F r Ϸ5, Re ϭ150, ␣ϭ0.49. That branch of 3-D solutions is tracked by letting F r evolve as a state variable with a suitable measure of the 3-D state, A x , as the control parameter. Here
is the y average of the real part of the lϭ1, nϭ0, -mode ͑15͒. This choice is made because of the predominant role of that mode in the streak instability. 22 This A x definition provides the supplementary equation needed to determine the free variable F r . The A x used here is ␣/ͱ2 times that used in Ref. 19 . In summary, we look for a solution of the nonlinear system of equations ͑8͒-͑11͒ with the extra roll forcing term Re Ϫ2 F r (␤ 2 ϩ␥ 2 ) 2 cos ␤y cos ␥z on the right-hand side of ͑8͒ together with the additional equation ͑25͒. That solution is calculated by continuation in the control parameter A x starting from the neutrally stable streaky flow solution at A x ϭ0.
The F r -A x bifurcation curve is shown in Fig. 6 and the bifurcating solution is illustrated in Fig. 7 . The dashed lines in Fig. 6 are the fits F r ϭc 0 ϩc 2 (Re A x ) 2 near the bifurcation points at A x ϭ0. The Re factor is included because an A x of O(Re Ϫ1 ) is expected for self-sustenance ͑Sec. IV A͒. The coefficient c 2 is strictly negative, verifying that the quadratic nonlinear self-interaction of the neutral streaky flow eigenmode has positive feedback on the rolls. These results can be obtained from a weakly nonlinear analysis of streaky flow as sketched in Refs. 22 and 23. The F r needed to maintain the rolls decreases as A x increases leading to two self-sustained solutions, a lower branch at Re A x ϭ0.7716 ͓Fig. 7͑c͔͒ and an upper branch at Re A x ϭ1.1181 ͓Fig. 7͑d͔͒. The solid line in Fig. 6 is the fully nonlinear steady state, very well-resolved at L T ϭ9, M T ϭ21, N T ϭ9. Figure 6 Figure  7 shows the isosurfaces of x ϭϮ0.80 max x (x,y,z), corresponding to the innermost vorticity contours in Fig. 4 , overlayed with the streamwise velocity isosurface corresponding to uϭmin u(x,yϭ0,z). Four A x values are shown, Re A x ϭ0.06, 0.15, 0.7716, and 1.1181. The latter two correspond, respectively, to the lower branch and upper branch of self-sustained solutions with F r ϭ0. As A x is increased, the weak streamwise rolls are first affected. The x isosurfaces pinch off to form staggered vortices whose x-oriented axes are pointing up and away from the low-speed streak ͑in this plane Couette flow there is an equally strong high-speed streak centered at zϭ/␥ that is not shown͒. As A x is increased further, the streak develops a strong undulation in the x direction and the top tips of the vorticity isosurfaces move back toward the streak. The structure of these self-sustained free-free plane Couette flow solutions is very similar that of the coherent structures observed in the near-wall region of no-slip turbulent flows. 15, 17 The plane Couette 3-D solutions travel at the average flow velocity and have the additional shift-rotation symmetry 22, 23 
This symmetry results from the rotation about the spanwise axis symmetry of plane Couette flow together with the x-phase choice imposed by I͗ expϪi␣x͘ϭ0 and the z-phase choice imposed by ͑24͒. The symmetries ͑24͒ and ͑26͒ imply a reflection symmetry about the point (0,0,L z /4): u(x,y,z) ϭϪu(Ϫx,Ϫy,L z /2Ϫz). The symmetry ͑26͒ was imposed in a triply Fourier code 19 and is also imposed for most of the Couette results show here.
E. Continuation of self-sustained states
The self-sustained solutions can be continued to different values of the parameters ␣, ␥, and Re. The Re continuations have been performed typically with a logarithmic arclength continuation procedure in Re-A x space that uses the supplementary equations ReϭR 0 (1ϩ⑀ cos ) and A x ϵR͗ exp(Ϫi␣x)͘ϭA 0 (1ϩ⑀ sin ) to determine Re and for given A 0 , R 0 , and ⑀Ӷ1. The ␣ and ␥ continuations have been performed at fixed Re or A x . When F r ϭ0, as will be the case for all results hereafter, the three-dimensional solutions arise through a saddle-node bifurcation at ReϭRe sn (␣,␥), the nose of the curves in Fig. 8 . The solutions cease to exist for Re below Re sn . A search for the lowest Reynolds number where these solutions first appear has been made by minimizing Re over ␣, ␥, and A x . The optimum parameters for free-free Couette are ␣ϭ0.3236, ␥ϭ0.7389, for which the self-sustained solutions first appear at Reϭ99.9795. The bump in the Re-A x curve shown in Fig.  8 ϭ/2 for ␣ϭ0.5, ␥ϭ1.5. The maximum stays at that location as Re is increased at fixed ␣, ␥, up until the bump in the Re-A x curve where it splits into two equal maxima whose locations are symmetric about the point xϭ0, yϭ0, ␥z ϭ/2 and Reynolds number dependent. This indicates the splitting of the vortices into two pairs, one pair associated with the upper wall streaks and one with the lower wall. For the optimum parameters ␣ϭ0.3236 and ␥ϭ0.7389, the vorticity maximum is split from the onset of the threedimensional solutions at Re sn ϭ99.9795. Bumps in the Re-A x curves typically correspond to such splitting of the vortices or a harmonic modulation of the streaks.
V. HOMOTOPY OF COHERENT STATES
The continuation from 2-D streaky flow can be used to compute self-sustained 3-D solutions in no-slip plane Couette and plane Poiseuille flow. This was performed successfully for free-free plane Poiseuille flow ͑Waleffe 1998, unpublished͒ but required some fiddling to determine the appropriate streamwise rolls. Two Fourier modes in y were needed instead of the single mode in free-free Couette ͑22͒. The reason for this is that the appropriate streamwise rolls in plane Poiseuille flow turn out to be more concentrated away from the wall than in plane Couette flow. Continuation from 2-D streaky flow in no-slip plane Couette was initiated in Refs. 22 and 23.
A more robust and elegant approach is to let Navier, Stokes, and Newton select the appropriate streamwise rolls. This is done by homotopy from plane Couette to plane Poiseuille flow and from free-slip to no-slip. The Couette to Poiseuille homotopy consists of tracking the 3-D traveling wave solutions for the laminar flow
from ϭ0 to ϭ1. The free-slip to no-slip homotopy consists of tracking the traveling waves from ϭ0 to ϭ1 in the general slip boundary conditions ͑13͒. There is a for each boundary, t for yϭϩ1 and b for yϭϪ1. All three homotopies are easily achieved. Steps of 0.1 in and/or have been chosen arbitrarily. The free-free Couette solutions have been mapped into free-free Poiseuille traveling waves. The rigid-free traveling waves have been computed successfully by homotopy from both free-free Poiseuille as well as from free-free Couette. The rigid-rigid Couette solution was obtained by homotopy from a rigid-free Poiseuille solution only, because of a technical choice in the definition of the m (y) functions ͑19͒. These homotopies are devices to obtain the various solutions using Newton's method but they also provide explicit demonstrations that all these threedimensional Navier-Stokes solutions can be smoothly deformed into one another. The traveling wave solutions for the four basic flows, free-free and rigid-rigid plane Couette and free-free and rigid-free plane Poiseuille, are compared and illustrated in Figs. 9-11, for the parameters ␣ϭ0.5, ␥ϭ1.5 at their respective critical Reynolds number Re sn where the upper branch and lower branch solutions coalesce. The comparison is restricted to those parameters to limit the number of figures but it must be emphasized that the structure of the solutions varies with the parameters. The various solutions are clearly very similar to one another. They all correspond to a wavy low-speed streak flanked by staggered quasistreamwise vortices. The Couette solutions are fixed points in this frame of reference and have the additional symmetry ͑26͒. The free-free Couette Re sn ϭ141.6 and the rigid-rigid Couette Re sn ϭ163. profiles are shown together with a no-slip profile that has been stretched to remove the viscous sublayer. The plane Couette no-slip mean profile is shown stretched uniformly in y about the channel centerline at yϭ0 ͑Fig. 12͒. The stretching y→1.5237y is selected to match the free-slip velocities at the walls Ū (Ϯ1)ϭ0.4598. The plane Poiseuille no-slip mean profile is shown stretched uniformly about the full channel centerline at yϭ1. The stretching y→1ϩ1.0721(y Ϫ1) is selected to match the free-slip velocity difference Ū (1)ϪŪ (Ϫ1)ϭ0.8802. A more refined comparison between the two types of boundary conditions would seek the no-slip solutions for horizontal dimensions such that the aspect ratios of the no-slip inner layers match that of the full free-slip solutions ͑e.g., ␣Ϸ0.75, ␥Ϸ2.25 for rigid-rigid Couette͒. As noted in Refs. 19 and 20, the Poiseuille mean profiles have two inflection points. The wave velocity C is almost identical to the mean velocity at the inflection point that corresponds to a local minimum of mean shear rate. 
VI. OPTIMUM PARAMETERS
The exact coherent structure solutions depend on three parameters: the horizontal wave numbers ␣ and ␥ and the Reynolds number Re, or, equivalently, the three length scales L x , L z , and 2h, nondimensionalized using wall units /u , for instance, where u is the friction velocity defined by u 
Clever and Busse 27 performed a parametric study of threedimensional steady states in rigid-rigid Couette but they did not quote the optimum parameters ͑28͒.
For rigid-free Poiseuille, where the Reynolds number is defined such that u ᐉ/ϭ(2 Re) 1/2 with ᐉ the half distance between the wall and the centerline, the optimum parameters are ␣ϭ0.5074, ␥ϭ1.3165, Re sn ϭ244. 36 , L z ϩ ϭ119, 2ᐉ ϩ ϭ29. The cause of these numerical problems may be that the length scales and amplitudes of the traveling wave solution increase as the Reynolds number decreases, hence the optimal solutions are more nonlinear and require finer resolutions in spite of the lower Reynolds numbers.
The most interesting results are those for rigid-free Poiseuille flow as those solutions may be relevant to the coherent structures observed near a ͑single͒ wall at higher Reynolds numbers. Indeed the optimum parameters ͑31͒ closely correspond to the observed scalings of the near-wall structures. The dependence of Re sn ϩ on L x ϩ and L z ϩ for the rigidfree plane Poiseuille traveling waves is illustrated in Fig. 14 . These results suggest that there are no traveling wave solutions below L z ϩ Ϸ80 or below L x ϩ Ϸ200. There exist traveling wave solutions for all larger L x and L z although the curves shown in Fig. 14 cannot be smoothly continued to arbitrarily large horizontal scales. The Re sn curve could not be smoothly continued beyond L x ϩ Ϸ520 ͑i.e., below ␣ ϭ0.295) for ␥ϭ1.3, for instance. The solution branches eventually develop a modulation as the length scales are increased and Re sn drops abruptly. This is undoubtedly linked to the fact that multiple copies of smaller scale traveling waves can fit in the domain if the latter is large enough ͑dashed lines in Fig. 14͒ . The crossover between one-and two-period solutions occurs at L x ϩ Ϸ437 for ␥ϭ1.3 and at L z ϩ Ϸ167 for domains with the aspect ratio L x ϭ2.6L z . Distinct traveling waves therefore arise at the same Reynolds number for those length scales. The optimum no-slip states are illustrated in Figs. 15 and 16 . Figure 17 shows the normalized wall shear rate of the Poiseuille traveling wave at two wave number pairs (␣,␥) as a function of the Reynolds number Re m which is based on the bulk mean velocity and the full channel height. The 3-D traveling waves first arise at Re m Ϸ860, which is significantly lower than the Re m where turbulence is first observed. The Kim, Moin, and Moser 16 turbulent flow was computed at Re m Ϸ5600 while Toh and Itano, 33, 34 recently computed an asymmetric traveling wave at Re m ϭ4000. The mean velocity profile and rms velocities normalized by u are shown in Fig. 18 for the traveling wave with ␣ϭ0.5 and ␥ϭ1.3 on the upper branch at Reϭ473 (Re m ϭ1303), the turning point at Reϭ244.41 (Re m ϭ867) and the lower branch at Reϭ454 (Re m ϭ1390). The traveling wave rms velocities compare well with the rms velocities computed by Kim, Moin, and Moser ͑their Fig. 6͒ at the much higher Re m Ϸ5600 (Re Ϸ180, ReϭRe 2 /8Ϸ4050). The main qualitative difference is that v rms is forced to go to zero at the channel centerline in the present traveling waves. This is probably directly connected, through a ''splatting effect,'' with the increase in w rms near the centerline. Quantitatively, the levels of u rms are very close to their turbulent counterpart but the levels of v rms and w rms are lower. Hence, the traveling wave is more efficient at redistributing the streamwise velocity, i.e., at transporting momentum.
VII. STATISTICS OF NO-SLIP ECS
The normalized wall shear rate for the plane Couette steady states is shown in Fig. 19 as a function of the Reynolds number for several wave numbers ␣ and ␥. The upper branch of the (␣,␥)ϭ(0.5,1.5) solution shows a sharp turning point just before Reϭ400. The solution branch turns back to lower Reynolds numbers then returns toward higher Reynolds numbers. Structural changes in the solution are subtle but one can detect the splitting of the streaks into two distinct, incomplete, streaks that are shifted by half a period in both horizontal directions ͑not shown in this paper͒. This suggests that solutions with wave numbers that are 1.5 or 2 times as large are favored at those Reynolds number for that horizontal aspect ratio. Indeed, solutions with (␣,␥) ϭ(0.75,2.25) and (1,3) exist and have higher wall shear rates at those Reynolds numbers ͑compare curves c, d, and e in Fig. 19͒ . The complexity of the bifurcation diagram in the range 310рReр400 is intriguing as this is precisely the range where turbulence is known to occur in plane Couette flow. 21, [35] [36] [37] For instance, in the ͑small͒ periodic box with (␣,␥)ϭ(0.5,1.5), there exist at least four distinct type of 3-D steady states in 308ϽReϽ400 and six distinct types in 329ϽReϽ400. These lower bounds are very close to the R u Ϸ312 and R c Ϸ323 identified in much larger experimental domains. 37 The mean velocity and rms velocity fluctuations of the plane Couette flow steady states are shown in Fig. 20 . One significant difference with the Poiseuille flow traveling wave is that the lower branch mean velocity is closer to the laminar profile than the turning point profile. The lower branch shows very strong almost x-independent streaks at Reϭ400 together with weak spanwise and wall-normal velocity fluctuations. This is in agreement with the scalings mentioned in Sec. IV A. The mean velocity and rms velocities of the upper branch solution at Reϭ400 are very similar, qualitatively and quantitatively, with the turbulent Couette flow computed by Kawahara and Kida. 38 The normalized wall shear rate S in Fig. 19 is equal to the normalized energy input rate I used by Kawahara and Kida. Their turbulent flow has SϭIϷ3 and this is precisely the level of S seen for the upper branch steady solutions at Reϭ400 ͑Fig. 19͒.
Kawahara and Kida managed to isolate an unstable timeperiodic solution in plane Couette flow that had been suggested by the work of Hamilton et al.
14, 21 Hamilton et al. sought to isolate the self-sustaining process ͑Sec. IV A͒ by ''quenching'' of a turbulent flow. 39, 40 That trial-and-error procedure lead them to settle on the parameters (␣,␥) Ϸ(1.14,1.67), used by Kawahara and Kida. The present study, and the earlier work of Clever and Busse, 27 indicates that the 3-D steady states favor ␥/␣Ϸ2. This can be approximately understood in terms of the streak instability part of the self-sustaining process which consists essentially of a larger scale inflectional instability ͑e.g., Fig. 5 and Figs. 5 and 6 in Ref. 23͒. The streak instability also suggests, correctly, that at fixed ␥ and Re, the spatial period-one solutions will disappear as ␣ is increased. Further study is needed but this occurs apparently near ␥/␣Ϸ1.5. We have confirmed that there are indeed no spatial period-one solutions at Re ϭ400 for (␣,␥)ϭ(1.14,1.67) (␥/␣ϭ1.46), however there are solutions with (␣,␥)ϭ(0.84,1.67), (1.14,2.28) and (1.14,3.34) for which the upper branch SϭI values at Re ϭ400 are again in the neighborhood of 3. Further detailed comparisons with the work of Kawahara and Kida will appear elsewhere.
VIII. MODEL 1-D MAP
The above-presented results demonstrate the remarkable qualitative and quantitative similarities between these 3-D traveling waves and structural as well as statistical features of turbulent shear flows. The major difference, of course, is that the traveling waves are steady in the proper Galilean frame and perfectly ordered while turbulent solutions are unsteady and disordered. An important characteristic of the traveling waves in this respect is that the traveling waves are generally unstable from onset, except for a small range of stability of the plane Couette flow steady states reported in Ref. 27 . A complete stability analysis of all the solutions presented here has not been performed, but selected stability results, and the lack of direct experimental or numerical observation of these solutions, suggests that these solutions are indeed typically unstable. This instability from onset is unusual and led to early skepticism about the relevance of such solutions, 41 when the connections with observed coherent structures had not been revealed. However, others ͑e.g., Refs. 42, 34, 20, 38͒ see this instability of the exact coherent structures as a feature, not a bug. Indeed, turbulence is often described as a ''cascade of instabilities.'' Whatever the exact nature, and validity, of that cascade of instabilities concept, it is related certainly not to the stable laminar state but much more likely to the instabilities of the exact coherent states.
A simple 1-D map x nϩ1 ϭ f (x n ) illustrates these features of the onset of shear turbulence and the possible connections between turbulence and the unstable exact coherent states. The map is defined by ͑Fig. 21͒
͑32͒
The parameter 0рр1 is directly related to the Reynolds number, e.g. ϭRe/(ReϩRe c ) for some critical Reynolds number Re c , with ϭ0 corresponding to Reϭ0 and ϭ1 to Reϭϱ.
The map is such that xϭ0 is the laminar fixed point, stable for all 0рϽ1 and neutrally stable in the limit ϭ1 (Re→ϱ), because f Ј(0)ϭ.
The map ͑32͒ bears some algebraic resemblance to the famous logistic map 43 f (x)ϭx(1Ϫx) that shows the period doubling route to chaos ͑see, e.g., Ref. 44͒, but the present map has a cusp at xϭ1/2, where f (1/2)ϭ is the maximum value of f (x). This cusp is necessary to yield a bifurcation to new nontrivial fixed points that are unstable from onset, as is the case for the map ͑32͒ where new unstable fixed points exist for Ͼ1/2. The new fixed points are an upper branch x u and a lower branch x ᐉ , 
Unstable periodic orbits of all periods also exist when Ͼ1/2. The period-2 solution oscillates between x 1 and x 2 ϭ f (x 1 ) with x 1 Ͻ1/2Ͻx 2 and
More significantly, two period-3 solutions exist for Ͼ1/2. This implies the existence of periodic orbits of all periods by Sarkovskii's theorem. 45 The period-3 solutions consist of an ''outer'' solution ͑dash in Fig. 21͒ that oscillates between x 1 , x 2 ϭ f (x 1 ), x 3 ϭ f (x 2 ) with x 1 Ͻx 2 Ͻ1/2Ͻx 3 and
and an ''inner'' period-3 solution ͑dash-dot in Fig. 21͒ oscillating between x 1 , x 2 ϭ f (x 1 ), x 3 ϭ f (x 2 ) with x 1 Ͻ1/2 Ͻx 2 Ͻx 3 and
Finally, there is a homoclinic orbit connecting the lower branch fixed point x ᐉ to itself when Ͼ1/2. That orbit, depicted by a dotted line in Fig. 21 , consists of x 0 ϭ1/2 with x 1 ϭ f (x 0 )ϭ and x 2 ϭ f (x 1 )ϭ1Ϫϭx ᐉ and the preiterates of x 0 ,
There are infinitely many other distinct homoclinic orbits. It is clear ͑Fig. 21͒ that for all initial conditions in the interval ͓1Ϫ,͔, x n stays within that interval for all n, yet there are no stable fixed points or periodic orbits there. Hence, when crosses 1/2, i.e., Re becomes larger than the critical value Re c , there is a sudden transition to a truly chaotic regime for almost all initial conditions in that interval. The dynamics for almost all initial conditions in the open interval ]1Ϫ,͓ when Ͼ1/2 consists of an aperiodic oscillation about the upper branch x u with excursions toward the largest value xϭ followed by collapse toward the lower branch x ᐉ then a climb back toward x u , and so on. Therefore, one may expect that the upper branch x u provides a good first approximation for the average x n .
The 1-D map ͑32͒ thus illustrates how the onset of unstable periodic solution may be directly related to a transition to ''turbulence'' and why the upper branch solutions may offer a good first approximation to the mean properties of the turbulence. That simple map has not been directly connected to the Navier-Stokes dynamics but one should note the resemblance with the ''Lorenz map'' 46 ͑see, e.g., Ref. 44͒ which was deduced from a continuous differential system. Note that in the discrete map, the fixed points x ᐉ and x u may correspond to fixed points or traveling waves as in this paper or to fundamental periodic solutions of the Navier-Stokes equations as in Ref. 38 . The simple map ͑32͒ has the particularity that the maximum value f (1/2)ϭ is the pre-iterate of the lower branch x ᐉ as shown in Fig. 21 . This is the feature leading to the existence of homoclinic orbits. This map therefore is just on the border between two types of maps. This map and slightly broader maps lead to strange attractors, but slightly spikier maps for which the pre-iterate of x ᐉ is less than will lead to a strange repellor ͑see the discussions of the logistic map with Ͼ4 in Ref. 45 or 44, exercise 11.4.6͒. For the spikier maps, almost all initial conditions will eventually end up converging to the laminar point xϭ0. A concrete example is the two-parameter family of maps defined by
͑38͒
where Ϫ1Ͻ⑀ and 0рϽ1. These maps have the same overall shape and properties as the map ͑32͒, in particular, 45 will eventually end up at the laminar fixed point xϭ0. An imperceptible change in the shape of the map, from a small negative ⑀ to a small positive ⑀, can lead to drastic differences for the long time behavior of the dynamical system. This provides another concrete illustration that may be useful also for shear flows where there is some limited evidence for strange repellors, from low-order truncations of the Navier-Stokes equations. 42 It may be that small periodic domains lead to strange repellors but slightly larger domains lead to strange attractors. Finally, one can imagine a more complex scenario, e.g., ⑀ϭ3/4Ϫ, where the map broadens with increasing , and the transition to a strange attractor occurs at ϭ3/4, well beyond the onset of unstable fixed points and periodic orbits at ϭ1/2.
IX. CONCLUDING REMARKS
Three-dimensional traveling wave solutions of the Navier-Stokes equations have been calculated for plane Couette and Poiseuille flows with both free-slip and no-slip boundary conditions. These well-resolved solutions capture essential structural and statistical features of turbulent shear flows and are therefore called exact coherent structures. These exact coherent structures are typically unstable from their onset at a Reynolds number that is about twice lower than those where turbulence is first observed. It is believed that the inherent instabilities of the exact coherent structure are directly related to the disorder characteristic of turbulent shear flows. The exact coherent structures and their associated instabilities are thus good candidates for precise definitions of Townsend's notions of active and inactive motions.
The initial step to calculate these exact coherent structures is to track three-dimensional solutions that bifurcate from a 2-D streaky flow. This step demonstrates the validity of a previously studied self-sustaining process and establishes a direct link between self-sustained 3-D coherent structures and Townsend's attached eddies. The next steps consist of homotopy transformations that demonstrate the close relationships between the various solutions.
The traveling waves come in pairs above their onset Reynolds number. Our simplistic view is that the lower branch and its stable manifold form the separatrix between the basin of attraction of the laminar state and the turbulent domain in phase space. This is similar to the view of Toh and Itano, 33, 34 who propose that motion along the unstable manifold of the lower branch corresponds to bursting. Toh and Itano do not distinguish between upper branch and lower branch solutions however. This may be because their shooting approach, similar to our method of bifurcation from 2-D streaky flow, may be limited to capturing the lower branch solution as suggested in Ref. 20 . We propose further that the turbulent state is essentially an aperiodic oscillation about the upper branch solution. Therefore the upper branch provides a good first approximation to the turbulence statistics. It is unclear then whether ''bursting'' would correspond to excursions along the unstable manifold of the lower or the upper branch. This picture of the nature of shear turbulence has been illustrated by a simple 1-D map. Jimenez and Simens 47 also compute a single traveling wave solution in a plane Poiseuille flow where vorticity fluctuations are wiped out beyond a pre-set distance from the wall. It is unclear whether that solution corresponds to an upper or lower branch.
Schmiegel, Eckhardt, and Mersmann 42, 48 have suggested that the number of unstable steady states in Couette-like flow grows with the Reynolds number and that shear turbulence may consist of a chaotic repellor that forms around heteroclinic connections between those steady states. Our own related studies of ''low''-order models ͑Sahay and Waleffe, 2000, unpublished͒ extending our earlier work 23 show similar results, however we believe that most of those steady states are spurious solutions that do not converge to solutions of the Navier-Stokes equations. The number of those steady states seems to grow with both the Reynolds number and the resolution, therefore this is an intriguing numerical issue. Nonetheless, the idea of the onset of a multitude of unstable states is likely to be relevant, with most unstable states corresponding not to steady states but to periodic orbits, and the strange repellor idea may also be applicable in some range of parameters. There is solid evidence for unstable periodic solutions in plane Couette flow 38 in addition to the steady states presented here and in earlier references. 25, 27 There is an obvious structural and statistical connection between those solutions but the phase space connections have not been elucidated yet. It appears that periodic solutions may replace the steady states in domains where the streamwise period is less than about 1.6 times the spanwise period ͑at low Reynolds numbers of course͒. Clever and Busse 27 had already reported existence of a time periodic solution in plane Couette flow, but this appears to be a different solution than that found by Kawahara and Kida. Further work needs to be done to elucidate the connections between these various solutions and turbulent flow.
In any case, one may hope that the knowledge of all these solutions will lead to a full understanding of the onset and nature of turbulence, at least in plane Couette flow. There are intriguing connections between critical Reynolds number values found here for steady states in plane Couette flow and physical experiments in much larger domains. 37 In fact, we believe that most of the characteristics of turbulence can be captured in relatively small periodic domains and that other features such as spots and ''barber pole'' structure 49 are ''secondary'' spatio-temporal complexities. Finally, it is most likely that the steady states and traveling wave solutions discussed here can be extended to traveling waves in pipe flow and to self-similar solutions in mixing layers.
The data presented in this paper are available from the author by request. The data will eventually be posted at http://www.math.wisc.edu/ϳwaleffe/ECS/.
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